
Abstract

Student Member IEEE
Member, IEEE

978-1-6654-3678-6/21/$31.00 © 2021 IEEE 57

Proceedings of The 2021 IEEE International
Conference on Real-time Computing and Robotics

July 15-19, 2021, Xining, China

Proceedings of The 2021 IEEE International

Conference on Real-time Computing and Robotics

July 15-19, 2021, Xining, China

Inverse Kinematics Formulations of a Continuum Endoscope for a
View Adjustment Similar to the da Vinci Endoscope*
Lifei Deng, Zhonghao Wu, Student Member, IEEE, Yifan Wang, Linhui Wang, and

Kai Xu*, Member, IEEE

Abstract-Robot-assisted MIS (Minimally Invasive Surgery)
attracts significant attention due to its intuitive eye-hand
coordination, enhanced dexterity, improved precision, etc.
Among the existing multi-port surgical robots, the da Vinci
system is considered as a benchmark and enables surgeons to
perform delicate operations via several small incisions. The
integrated stick-like da Vinci endoscope possesses 4 DoFs
(Degrees of Freedom), including two pivoting DoFs around the
RCM (Remote Center of Motion) point. On the other hand,
continuum manipulators, often with multiple segments, have
been applied in surgical applications owing to their design
compactness, safe interaction with anatomy, etc. A continuum
endoscope usually has two bending segments, and if only one
segment is controlled, the change of view is in a different way if
compared to the da Vinci endoscope due to the dissimilar
motion characteristics. This paper hence investigates the
comparison between two inverse kinematics formulations on a
proposed two-segment continuum endoscope, regarding the
view adjustment such that the field of view of a da Vinci
endoscope can be covered as much as possible. The two
formulations are based on i) resolved motion rate control, and
ii) dimension-reduced inverse kinematics. The numerical
experimental results show that when the field of view of a da
Vinci endoscope is pivoted around the skin incision within
predefined ±60o yaw and pitch ranges, the overlapped visual
field with the da Vinci endoscope using the dimension-reduced
formulation has an 84.11 % improvement compared with the
resolved motion rate control.

I. INTRODUCTION

During a da Vinci multi-port surgery procedure, a
stick-like da Vinci endoscope is pivoted around the skin
incision, a.k.a., the RCM (Remote Center of Motion) point, to
realize a 4-DoF (Degree of Freedom) yaw-pitch-roll and
translation movement. There are two types of da Vinci
endoscopes with 0° or 30° viewing angles. The 30° endoscope
is used more widely, as shown in the inset of Fig. 1.

On the other hand, continuum manipulators have been
widely investigated in the past decades, demonstrating great
potential in the designs of surgical tools due to the inherent
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compactness and improved dexterity [1-3]. As a crucial
component for these vision guided procedures, continuum
endoscopes also received a lot of attention in MIS. For
example, a common design approach is to use two bending
segments to realize an S-shape configuration for visualization
[4, 5]. On the other hand, a continuum segment can be added
to a stick-like endoscope stem held by an RCM mechanism
(e.g., using the da Vinci Research Kit) to realize a 6-DoF
endoscope [6, 7].

As abovementioned, continuum endoscopes usually
possess multiple segments. While adjusting the view in an
MIS procedure, a surgeon usually wants to pan, tilt, rotate or
zoom in to a scene. As shown in Fig. 1, the two pivoting DoFs
of the da Vinci endoscope are often used to adjust the pan and
tilt of the view. If only the distal segment of the continuum
endoscope is actuated for the pan and the tilt adjustments, the
field ofview will be changed dissimilarly even under the same
adjustment command from the same initial view, due to the
different motion characteristics between the continuum and
the da Vinci endoscopes. When a continuum endoscope is
used, the surgeons who are familiar with the da Vinci system
may experience a prolonged learning curve for adjusting the
desired field of view.

Figure 1. The same tilt angle resulting in different position and orientation
changes on the da Vinci and the continuum endoscopes

To realize the same pose changes as the da Vinci
endoscope, all the six DoFs of the two-segment continuum
endoscope shall be properly controlled. This paper hence
investigates different inverse kinematics control approaches
on a 6-DoF continuum endoscope to realize a da Vinci-like
view adjustment. The first approach is based on the resolved
motion rate control [8], while the second one is a
dimension-reduced inverse kinematics formulation [9, 10] to
deal with configuration variable limits in confmed surgical
sites.

The rest of this paper is organized as follows. Section II
presents the kinematics of the stick-like da Vinci endoscope
and the continuum endoscope, while the resolved motion rate20
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A. Coordinates and Nomenclature 
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control and the dimension-reduced inverse kinematics
formulation are elaborated in Section III. Numerical and
prototype experiments are reported in Section IV with the
conclusions summarized in Section V.

II. KINEMATICS

The proposed continuum endoscope contains two
inextensible continuum segments and has 6-DoF in total as
shown in Fig. 2. The two continuum segments are connected
by a rigid multi-lumen cylinder and stacked on a base stem,
which can be translated along and rotated around its axis, as
presented in [11]. The coordinates and nomenclature of both
the da Vinci and the continuum endoscopes are presented in
Section II.A. The kinematics of the da Vinci endoscope is
introduced in Section II.B. The kinematics of a single
continuum segment and the 6-DoF continuum endoscope is
elaborated in Section II.C and Section II.D, respectively.

A. Coordinates and Nomenclature
The nomenclature of the da Vinci and the continuum

endoscope is listed in Table I. The coordinates of the da Vinci
model, the lh continuum segment, and the entire continuum
endoscope are shown in Fig. 2(a), Fig. 2(b), and Fig. 2(c),
respectively.

• World Coordinate {w}={xw,Yw,zw} is located at the skin
incision point.

• The da Vinci Endoscope's Coordinate 1, 2, 3
{dVl}={xdVl'YdVl' ZdVI} {dV2}={xdv2 ,YdV2,ZdV2}
{dV3}={xdv3 ,YdV3,ZdV3} share the same origin with {w},
under a yaw-pitch-roll rotation around their axes with
respect to the current frames.

• The da Vinci Endoscope's End Coordinate
{dVe}={xdve,Ydve,zdve} attaches its origin at the end ofthe
stick-like stem under a pure translation from {dV3}.

• Base Coordinate of the lh segment {tb}={Xtb,Ytb,Ztb}
locates its origin at the center of the base ring of the tth

segment. Ztb is perpendicular to the base ring with xtb
passing through the fIrst backbone. {1b} is translated
along and axially rotated around the Zw with a length ofLa
and an angle of qJ from {w}.

• Bending Plane Coordinate 1 of the tth segment
{tl} = {xtl ,Y tl , Ztl} is attached at the base ring of the lh
segment. xtl is aligned with Ztb so that the XY plane is
aligned with the bending plane.

• Bending Plane Coordinate 2 of the lh segment
{t2}={Xt2 ,Yt2,Zt2} is achieved from {tl} via a rotation
around Ztl of an angle ()t, with its origin set at the center of
the end ring of the tth segment.

• End Coordinate of the lh segment {te}={xte,Yte,Zte}
shares the same origin with {t2} . Its XY plane coincides
with the end ring where xte points to the first backbone.

TABLE!. NOMENCLATURE USED IN THIS PAPER
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Figure 2. Nomenclature and coordinates of (a) the da Vinci endoscope, (b)
the lh continuum segment [11], and (c) the 6-DoF continuum endoscope
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B. Forward Kinematics of the da Vinci Endoscope 
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The variable ranges and structural parameters for the da
Vinci and the continuum endoscopes are listed in Table II.

TABLE II. STRUCTURAL PARAMETERS AND VARIABLE RANGES

sin ~ ( B 1)-- cos -B t
t

cos ~ (cos 0 -1) (5)
B

t
t

o

cos ~ sin Bt ]

- sin J
t
sin B

t

cos B
t
-1

(6)

The Jacobian matrix is presented as follows.

(7)

(9)
WRlb IbRle leR2b T

2
]

WRIb lb R 1e Ie R 2b J 200

Wh T J (WR Ib )/\J T J (lbR Ie )/\J dere 0 = Ov - Ib pet Ow, 1 = Iv - Ie Pet 100' an
T2 = J 2v - (2bR2e2epet) J 200 • The operator (p)/\ returns the
skew-symmetric matrix of the vector p.

III. INVERSE KINEMATICS CONTROL

In order to realize a da Vinci-like view adjustment, two
approaches are investigated. The first one is the conventional
resolved motion rate control [8], while the second is the
dimension-reduced inverse kinematics formulation [9, 10], as
presented in Section lILA and Section III.B, respectively.

A. Resolved Motion Rate Control
Referring to [8], the flowchart of the resolved motion rate

is presented in Fig. 3(a). The target position wPdVt and the

J tv and J too are the linear and angular velocity components
ofthe Jacobian matrix. When ()t is close to 0, J tv and J too can be
derived under the L'Hopital's rule.

D. Forward Kinematics ofthe 6-DoF Continuum Endoscope
As shown in Fig. 2(c), the kinematics of the continuum

endoscope is defined in {w}. The orientation ofthe continuum
endoscope while watching the target visual point is {2e} as
shown in (7), while the position is defmed along the optical
axis of the camera with a distance L e as in (8).

Where IbRle and 2bR2e are defmed in (4), IbPle and 2bP2e are
defined in (3). The rest items in (7) and (8) are listed as below.

• According to the definition of {tb}, wRlb =Rz(qJ) , wPlb =

[0 0 LO]T.

• {I e} and {2b} are connected by a multi-lumen cylinder,
therefore, leR2b = 13x3 , lep2b = [0 0 Lm]T.

• The visual point is along z2e in {2e} by a length ofLe + Le:

2epet = [0 0 L e + Le]T.

The Jacobian matrix of the two-segment continuum
endoscope is then derived with respect to {w}.

W
Pet

= w Plb +

wR (lb Ib R (Ie leR ( 2b 2b R 2e ))) (8)
lb PIe + Ie P2b + 2b P2e + 2e Pet

(1)

(4)

WR WR dV1R dV2R dV3R R ( )
dVt = dVI dV2 dV3 dVe x a

Where WR dVI =R y(Jiyaw) dVI R dV2 =R x(Jipitch )

dV2RdV3 = R z(Jiro11) , dV3Rdve =13x3 ; R x(-) represents a
simple rotation about :i . dV3 PdVe = [0 0 LdV]T and dVe pdVt = Le[O

sin(a) cos(a)]T.

C. Forward Kinematics ofa Single Continuum Segment
According to the constant curvature bending assumption,

the shape of a single continuum segment can be characterized
as a circular arc [12, 13]. The forward kinematics of a single
segment is summarized as follows.

The position of {te} with respect to {tb} is as follows.

'bP'e =L, [cos ~ (1- cos 0,) sin S, (cos 0, -1) sin OJ (3)
Bt

Where tbPte = [0 0 Lt]T, when ()t equals O. The rotation matrix
from {tb} to {te} is presented in (4).

Where tb Rtl =R z(-J)Rx(-n/2)Rz(-n/2) , tlRt2 =Rz(B) ,

t2Rte = tbR~ •

W wR dV1R dV2R (dV3 dV3R dVe ) (2)
PdVt = dVI dV2 dV3 PdVe + dVe PdVt

B. Forward Kinematics ofthe da Vinci Endoscope
A da Vinci endoscope has four DoFs: yaw-pitch-roll

rotation DoFs and a translational DoF, as shown in Fig. 2(a).
The camera is mounted on the stem tip, with a fixed deviation
angle of a about xdve • The orientation of the da Vinci
endoscope while watching the target visual point is hence
defined as a rotation about xdve from {dVe} as in (1), with the
position set along the optical axis ofthe camera with a distance
L e as in (2).
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(17)

target orientation wRdVt are set from the forward kinematics of
the da Vinci endoscope. The position error Gp and orientation
error GR are the discrepancy between the target pose and the
position wpct and orientation wRct of the continuum endoscope.

{
cp = II w PdVt - wpctll (10)

cR = rot~I(WRdVt WR~t)

Where rot~1 (R) gives the angle component of axis-angle
representation of a rotation matrix R.

The desired velocities wVct and W mct of the continuum
endoscope are defined as in (11).

{
WVct =VlimCPdVt - Wpet)/cp (11)

W mct = ~imrot~I(WRdVt WR~t)

Where Vlim and Q)lim are the preset constant scalars linear and
angular velocities and rot~1 (R) gives the axis component of
axis-angle representation ofR.

The rates of the configuration vector of the continuum
endoscope is calculated from a twist vector W xet as shown in
(12).

(12)

Where Jt is the Moore-Penrose pseudoinverse inverse matrix.

The configuration vector of the continuum endoscope will
then be updated with an increment as in (13).

\II = \II + \jJi1t (13)
However, if the updated configuration variables violate

their limits, a compulsory reassignment will be implemented
to hold the variables at their limits. A position and/or
orientation deviation may hence appear.

B. Dimension-Reduced Inverse Kinematics Control
Since the continuum endoscope's motion may not fully

cover those of the da Vinci endoscope, the configuration
variables of the continuum endoscope may often approach
their limits. When a limit is reached, if the corresponding
configuration variable is simply bounded at the limit value as
in the resolved motion rate control, the visual trajectory may
deviate from the desired pose. The dimension-reduced inverse
kinematics formulation handles such a situation via a partial
mapping from the configuration space to the task space only
involving the non-saturated variables. Such a formulation also
often uses prioritization, as derived below.

The Jacobian for the 6-DoF continuum manipulator can be
expressed by its column vector.

J =[jl j2 j3 j4 js j6] (14)
When the t h configuration variable approaches the limit,

this proposed algorithm will fix the value of the t h

configuration variable at the last iteration value, and remove
the corresponding column jc;: from J. The corresponding item
in \II and \jJ is also removed. The modified Jacobian matrix
and the modified configuration vector are as follows.

60

W=[WI W;-I W;+I ... W6]T (16)

Since the number of the active components of W is less
than the number oftarget space twist i, the linear and angular
velocity cannot be satisfied simultaneously. To get closer to
the target position, the linear velocity is set with a higher
priority compared with the angular one. This algorithm uses a
prioritized-Jacobian to achieve the desired configuration space
velocity [14].

W=[WI W;-I "';+1 ... w6T
=J~wv{ +[Jro(I-J~Jv)J Cro{ -JroJ~wvJ

Where j v and j ro are the linear and angular components of

modified Jacobian J .
The modified configuration vector is similarly updated as

in (13).

W=W+WL1t (18)
Furthermore, when an updated configuration variable in

W violates the limit, the corresponding column of the
modified Jacobian matrix needs to be further removed until all
variables are within their ranges, as illustrated in Fig. 3(b).

When the Jacobian matrix becomes singular, a singularity
robust formulation is implemented.

J+ = JT (JJT + AI)-I (19)
Where A is a constant damping coefficient. In this study, A is
set as 0.01.

Figure 3. Flowcharts of (a) the resolved motion rate control, and (b) the
dimension-reduced inverse kinematics formulation

IV. EXPERIMENTS

The effective view distance of the endoscope camera
ranges from 30 mm to 120 mm and the FOV (field ofview) is
90 0

• Therefore, a pyramidal frustum shape is formed to model
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the visual field. To evaluate the capability of the continuum
endoscope tracking the da Vinci one, an OR (overlapping
ratio) index is defined as the overlapped volume of the two
pyramidal frustums with respect to the volume of a single
pyramidal frustum. The calculation of the overlapped volume
uses the convexHul1 function from MATLAB.

In all the simulations, the velocity limits of the continuum
endoscope are set at 100 mmls for the linear velocity limit and
nl2 rad!s for the angular velocity limit.

A. Two Simulation Case Studies
The continuum endoscope in both case studies starts from

the same initial configuration: La = 8 mm, (jJ = 0 rad, 81 =
0.3857 rad, 61 = -1.57 rad, 82= 0.7828 rad, 62 = 1.57 rad.

In the fIrst case study, the joint values of the tracked da
Vinci endoscope are Ldv = 60.88 mm, j.1yaw = 0.5 rad, j.1pitch =
-0.4 rad, and j.1roll = 0 rad. The process for the continuum
endoscope to reach the FOV of the da Vinci endoscope is
shown in Fig. 4(a) with the configuration variable trajectories
shown in Fig. 5(a). It can be seen that the configuration
variables 81, 82, and La in the resolved motion rate control are
sequentially stuck at their limits, and the position and
orientation errors fail to converge. However, the
dimension-reduced inverse kinematics formulation converged
even when 81 and 82 reached their limits. Therefore, the
obtained field ofview in the resolved motion rate control has a
smaller overlapped visual volume with the da Vinci
endoscope, compared with the dimension-reduced inverse
kinematics formulation, as shown in Fig. 4(a). The da Vinci
endoscope is represented by the black stem, with its visual
field indicated by the red pyramidal frustum. The green
segment and pyramidal frustum are drawn to represent the
continuum endoscope and its field ofview.

Figure 4. Comparison results when the target pose is (a) inside and (b)
outside the continuum endoscope's workspace

In the second case, the target pose is out of the continuum
endoscope's workspace, and the joint values of the da Vinci
endoscope are Ldv = 62.5mm, j.1yaw = -0.9 rad, j.1pitch = 0.7 rad,
and j.1roll = 0 rad. When 81 reaches the limit, since the position
is assigned with a higher priority, the position error in the
dimension-reduced inverse kinematics formulation converges
to zero with a minimized orientation error. Hence, the OR in
the dimension-reduced formulation is still higher than that in
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the resolved motion rate control. The converged results and
the trajectories ofthe configuration variables are shown in Fig.
4(b) and Fig. 5(b), respectively.

Figure 5. Plots of the configuration variables, the position and the
orientation errors, the OR using the two methods in (a) the first and (b) the

second case studies

B. Coverage ofthe Field ofView
To indicate the overall coverage of the FOV of the da

Vinci Endoscope, two coverage maps were generated using
the resolved motion rate control and the dimension-reduced
inverse kinematics formulation, as shown in Fig. 6. The target
visual poses are defmed where the stem of the da Vinci
endoscope is continuously pivoted around the ReM,
traversing the yaw and pitch motion ranges from Table II with
Ldv set at 65 mm. Each point in Fig. 6 is a target visual point
and its color indicates the OR index that is generated using the
two methods, referring to the color bar in Fig. 6.

Figure 6. The overlapping map under (a) the resolved motion rate control
and (b) the dimension-reduced inverse kinematics formulation

It can be seen that good tracking results occur around the
center of the task space, and the OR declines as the target
visual point moves away from the center in both methods
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where the configuration variables move towards their
corresponding limits.

In this study, the OR index is considered to be acceptable
when it is larger than 0.8. The acceptable area obtained from
the dimension-reduced formulation is 61.07%, with an
84.11% improvement compared with the 33.17% acceptable
area in the resolved motion rate control.

c. Prototype Experiments
A two-segment continuum endoscope was mounted on an

actuation unit as shown in Fig. 7 and a Micron Tracker SX60
(Claron Tech Inc.) is used to detect the actual poses ofMarker
#1 & #11. Marker #1 was mounted on the camera for
calculating the target visual point. Marker #11 was attached to
the trocar. The position of the camera and the target visual
noint is hence obtained in f w 1.

Figure 7. Experimental setup: (a) the proposed 6-DoF continuum
endoscope, (b) the tracking system

Figure 8. Actual trajectories of the target visual points of the continuum
endoscope under (a) the resolved motion rate control, and (b) the

dimension-reduced inverse kinematics formulation

The target visual points are defined along a cuboid of 100
mm X 50 mm x 50 mm, generated by the forward kinematics
ofthe da Vinci endoscope. The actual trajectories ofthe target
visual points of the continuum endoscope using the two
methods are plotted in Fig. 8, where the color indicates the
OR index from the color bar in Fig. 6. It is clear that the
dimension-reduced formulation generates the actual vision
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trajectories closer to the target ones. And the errors in Fig. 8(b)
are primarily from the positioning accuracy of the prototype.

V. CONCLUSIONS

In this paper, two inverse kinematics formulations are
investigated on a 6-DoF continuum endoscope to achieve a
view adjustment similar to the da Vinci endoscope. As the
conventional resolved motion rate control may fail to
converge when the configuration variables are around their
limits, the dimension-reduced inverse kinematics formulation
is introduced for improved performances. The experimental
results showed that the dimension-reduced formulation has an
improvement of 84.11 % compared with the resolved motion
rate control. It is expected that the dimension-reduced
formulation is to be implemented into the actual surgical
system to realize a view adjustment similar to that of the da
Vinci endoscope in the near future.
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