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SUMMARY
Many recent developments of surgical robots focus on less invasive paradigms, such as laparoscopic
SPA (Single Port Access) surgery, NOTES (Natural Orifice Translumenal Endoscopic Surgery),
laryngoscopic MIS (Minimally Invasive Surgery), etc. A configuration similarity shared by these
surgical robots is that two or more manipulators are inserted through one access port (a laparoscope,
an endoscope, or a laryngoscope) for surgical interventions. However, upon designing such a
surgical robot, the structure of the inserted manipulators has not been thoroughly explored based
on evaluation of their performances. This paper presents a comparison for kinematic performances
among three different continuum manipulators. They all could be applied in the aforementioned
surgical robots. The structural parameters of these continuum manipulators are firstly optimized to
assure a more fair and consistent comparison. This study is conducted in a dimensionless manner
and provides scalable results for a wide spectrum of continuum manipulator designs as long as
their segments have a constant curvature. The results could serve as a design reference for future
developments of surgical robots which use one access port and continuum mechanisms.

KEYWORDS: Continuum manipulator; Kinematics; Workspace; Kinematic performance; Surgical
robots.

1. Introduction
MIS (Minimally Invasive Surgery), such as laparoscopy, benefits patients but hinders surgeons in
their capabilities of visual perception, haptic sensing, dexterous organ manipulation, etc. In order to
regain some of these encumbered capabilities, various surgical robots were constructed.1–5 On the
other hand, advances of the surgical robots and other novel tools encouraged surgeons to innovate
for even less surgical invasiveness. These advances include SPA (Single Port Access) surgeries,6

NOTES (Natural Orifice Translumenal Endoscopic Surgery) procedures,7 and laryngoscopic MIS.8

SPA surgery uses one skin incision (usually the umbilicus) for laparoscopic interventions, whereas
NOTES procedures access the surgical site using an endoscope through the patients’ natural orifices
(such as vagina, GI track, etc). These new surgical paradigms use only one port to access surgical
sites and perform operations. Design of a surgical robot for these new surgeries is challenging
because all the system components, including a vision unit, at least two exchangeable manipulators,
an illumination unit, auxiliary channels, and so on, have to be deployed through a single access port
(a laparoscope, an endoscope, or a laryngoscope). In order to address the design challenges and prove
feasibility, several robotic slaves were built, including the ones for SPA surgeries,9–15 the ones for
NOTES procedures,16–21 and one for laryngoscopic MIS.22 Two examples are shown in Fig. 1, which
are the IREP robot for SPA surgeries designed by Xu et al.9,11 and the NOTES surgical robot designed
by Abbott et al.17
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Fig. 1. (Colour online) Surgical robotic slaves which use one access port: (1) the IREP robot for SPA
surgeries,9–11 and (2) the NOTES surgical robot.17

For surgical robotic slaves that use a single access port and have comparable specifications
such as payload, workspace, and so on, one benchmarking parameter is the diameter of the port
through which the system will be deployed. Design compactness is highly desired to achieve a
smaller diameter for less invasiveness. By examining the existing designs, using properly configured
continuum mechanisms might lead to a more compact design. For instance, the IREP robot for
SPA surgeries which uses continuum mechanisms has 17 DoFs (Degrees of Freedom) and an outer
diameter of 15mm,9–11 whereas the continuum endoscopic surgical robot with 15 DoFs has an outer
diameter of 12 mm.21 Three facts may have contributed to the design compactness. Firstly continuum
mechanisms deform themselves to transmit motions/forces and the kinematic-static compatibility
between structural members is inherent. On the contrary kinematic relations in a multi-DoF rigid
linkage have to be carefully planned if all the actuators will be placed proximally and this could take
up extra space. Secondly preferred form closure of kinetic pairs in rigid linkages also takes additional
space. What is more, components in continuum mechanisms play dual roles in structure forming
and motion transmission. Besides design compactness, using continuum mechanisms introduces
additional advantages such as reduced weight, compliant interaction with human anatomy, etc.

In the previous endeavors of designing compact surgical robots using continuum
mechanisms,9–11,21,22 attentions were primarily focused on satisfying the demanding geometrical
constraints in order to fit everything into a small volume. Designs of the system components have
not been fully optimized toward better performances. Among the required system components,
the exchangeable continuum manipulators (indicated in Fig. 1) are of great importance since their
kinematic and mechanical properties determine the capabilities of such a surgical robot. However, a
design guide for these continuum manipulators is still missing from the existing literature.

This paper attempts to narrow this gap by presenting a kinematics study which compares the
kinematic performances of three continuum manipulators with different topological structures. An
investigation for improving the continuum manipulators’ mechanical properties can be carried out
on top of this kinematics comparison in a future study. In this study, each structure will be optimized
first toward a better kinematic performance so that the comparison among them could be fair and
consistent. Results of this paper could contribute to a design reference for continuum surgical robots
for one-port-access procedures, such as the SPA surgeries and the NOTES procedures. A preliminary
version of this paper was presented at the 2012 IEEE International Conference on Robotics and
Automation (ICRA 2012).23 In the previous conference paper, the comparison was for the three
structures with their structural parameters directly from the actual implementations. The previous
comparison might not be absolutely fair because the potential of each structure has not been fully
explored. It’s then necessary to firstly optimize each structure so that the manipulators are compared in
their optimal configurations. Furthermore, all the kinematics analysis, optimizations and comparison
are now performed in a dimensionless manner to provide general and scalable results for future
developments of continuum surgical robots.

This paper is organized as follows. Section 2 presents the problem statement for the comparison
among three different continuum manipulators. Section 3 presents the modeling nomenclature
whereas Section 4 presents the kinematics of each manipulator. Optimization and dimension synthesis
for each structure is presented in Section 5. The comparison results are detailed and discussed in
Section 6 with conclusions followed in Section 7.
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wẑ
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Fig. 2. (Colour online) Three 7-DoF continuum structures are compared: (1) Structure A consists of a 1-DoF
rotary wrist and three 2-DoF segments, (2) Structure B consists of a 1-DoF rotary wrist, two 2-DoF segments
and a 2-DoF planar translational module, and (3) Structure C consists of two 3-DoF segments.
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Fig. 3. (Colour online) Kinematics nomenclature of the tth continuum segment.

2. Comparison Formulation
In one-port-access surgeries (such as the SPA surgeries and the NOTES procedures), two or more
exchangeable manipulators will be inserted through the shared access port for surgical interventions, as
shown in Fig. 1. Different structures of these manipulators will lead to different system performances
(e.g. workspace, distal dexterity, etc.). This paper presents a comparison for kinematic performances
among continuum manipulators with three different structural topologies. The comparison results
could contribute to a quantitative design reference for future developments of continuum surgical
robots.

2.1. Structures of the continuum manipulators to be compared
In the surgical robots for one-port-access surgeries, the exchangeable manipulators have different
numbers of DoFs: 5 DoFs,13,21 6 DoFs,12 7 DoFs,9–11 and 8 DoFs.22 The three kinds of
continuum manipulators to be compared are shown in Fig. 2. They are extracted from the existing
implementations9–11,21,24 and they all possess 7 DoFs.

In Fig. 2, each continuum manipulator consists of two or three continuum segments (one segment
is also shown in Fig. 3). Each continuum segment consists of four super-elastic backbones and
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several disks, where one primary backbone is centrally located and is attached to the end disk. Three
secondary backbones are equidistant from each other and from the primary backbone. The secondary
backbones are attached to the end disk and can slide in holes of the base disk and the spacer disks.
A 2-DoF bending motion of one continuum segment can be achieved through simultaneous pushing
and pulling of the secondary backbones while keeping the length of the primary backbone constant.
Length of the continuum segment is defined as the length of the primary backbone. A third DoF can
be realized by actively changing the length of the primary backbone. Two or more segments can be
stacked to form a manipulator with more DoFs by using concentric tubes as the backbones. The three
7-DoF structures to be compared are formed as follows, referring to Fig. 2.
� Structure A has three 2-DoF continuum segments and a 1-DoF rotary wrist. In the 2-DoF continuum

segments, length of the primary backbone remains constant. This structure was applied in a palpation
task using its force sensing capability.24

� Structure B has two 2-DoF continuum segments, a 2-DoF planar translational module, and a 1-DoF
rotary wrist. This structure was applied in the IREP robot for SPA surgeries.9–11

� Structure C has two 3-DoF continuum segments and a 1-DoF rotary wrist. The third DoF of the
continuum segment is realized by actively changing the length of the primary backbone. This
structure was intended for an endoscopic surgical robot for NOTES procedures.21

In this study, grippers are not considered since the choices for grippers vary a lot for different
procedures. Generality and applicability of this study will hold as long as the size of a selected gripper
can be considered small with respect to the overall size of the continuum manipulator.

To be noted, although the structures to be compared all have continuum segments that are formed
using multiple elastic backbones, these segments can be replaced by other designs as far as they can
be described by the kinematics presented in Section 4. Examples of the applicable designs might
include the ones.25–28

2.2. Evaluation of the kinematic performance
The kinematic performance of a manipulator could be described by its workspace and manipulability.
The workspace includes both the translational workspace and the orientation workspace (the dexterous
workspace). Measures of the manipulability were intensively studied29–31 and most measures involve
different interpretation of the singular values of the manipulator’s Jacobian matrix with or without
normalization, such as determinant, condition number, etc.

A Jacobian matrix represents the mapping between the velocities (or the general actuation forces) in
a manipulator’s joint space and the Euclidian velocities (or the wrenches) of the end effector. Unlike
industrial robotic applications in which speed, precision, stiffness, and so on are emphasized for
higher productivity and efficiency, surgical robots are designed towards different considerations such
as safety, compactness, compliance, and delicacy. Within a translational workspace which envelopes
the targeted surgical site, surgeons are more concerned about whether they can orient a tool and
approach an organ as desired. Speed of surgical manipulation is usually concerned secondarily and
the manipulation speed can be relatively easily improved by using more powerful actuators.

The paper proposes to evaluate the kinematic performance of each continuum manipulator as the
solid angles swept by the wrist axis of the manipulator at the selected points, as shown in Figs. 10–12.
A similar practice can be found from an existing study.32 These selected points are the vertices and the
central point of a cubic functional volume fitted in each manipulator’s translational workspace. When
the translational workspace envelops the same functional volume, the solid angle swept indicates how
freely the surgical end effectors can be oriented. The orientation (the roll angle) about the wrist axis
can always be achieved due to the presence of the distal rotary wrist. This evaluation formulation is
simply referred to as the evaluation of the kinematic performance, avoiding the possible back-and-
forth discussion of defining a specific term, such as distal dexterity.

In order to make the comparison fair and consistent, all the manipulators will have the same
reach (the furthest reachable point along ẑw in Fig. 2). Their structural parameters will be firstly
optimized as in Section 5. Unlike the design optimizations performed for serial and parallel robots,33

the optimization in Section 5 is performed in an enumerative manner due to the specific formulation
of the optimization and the kinematics of continuum robots. During the optimization, the scope of
this comparison will be slightly expanded to include Structure B1, B2, C1, and C2. Structure B1 and
B2 are topologically similar but with different dimensions, so are Structure C1 and C2. Section 5

http://journals.cambridge.org
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Table I. Nomenclature used in this paper..

i Index of the secondary backbones, i = 1, 2, 3
t Index of the segments, t = 1, 2, . . . , n; numbering of the segments always precedes the

secondary backbones.
r Radius of the pitch circle defining the positions of the secondary backbones in all the disks.
β Division angle of the secondary backbones along the circumference of the pitch circle,

β = 2π/3.
Lt, Lti Length of the primary and the ith secondary backbone of the tth segment
ρt Bending radius of the primary backbone of the tth segment
qt qt = [ qt1 qt2 qt3 ]T is the actuation length vector in the joint space of the tth segment, where

qti ≡ Lti − Lt .
θt (s) The angle of the tangent to the primary backbone in the bending plane of the tth segment.

θt (Lt ) and θt (0) are designated by θtL and θ0. θ0 = π/2 is a constant.
δti For the tth segment, a right-handed rotation angle from x̂t1 about ẑt1 to a line passing through

the primary backbone and the ith secondary backbone. At a straight configuration x̂t1 is
along the same direction as the desired instantaneous linear velocity of the end disk.

δt δt ≡ δt 1 and δt i = δt + (i − 1) β, i = 1, 2, 3
ψ t ψ t = [ θtL δt ] T is a configuration vector to define the pose of the tth segment.
Jt xψ ẋt = Jt xψψ̇ twhere ẋt (the linear velocity precedes the angular velocity) is the twist of the end

disk of the tth segment in {tb}.
Jt qψ Jacobian matrix of the mapping q̇t = Jt qψψ̇ t
1R2 Coordinate transformation matrix from frame 2 to frame 1.
tbpt (s) Position vector of a point along the primary backbone of the tth segment described in {tb} and

tbptL ≡ tbpt (s = Lt ).

∗ The table is also 80 mm wide.

elaborates how these derivative structures are generated. The inclusion of more structures in this
comparison could potentially better assist designers when they make type synthesis decisions.

This study only concerns the kinematic performance of one manipulator since the two manipulators
will be deployed through the same access port. The offset between them can be considered small and
their translational workspaces largely overlap. The kinematic performance of one manipulator hence
normally indicates that of a dual-arm surgical robot.

3. Model Nomenclature
All three structures in Fig. 2 use multiple continuum segments. Since these segments are structurally
similar, Fig. 3 only shows the tth segment (t = 1, 2, or 3). Nomenclatures are defined in Table I, while
coordinate systems of the tth segment are defined as below:

� Base Disk Coordinate System (BDS) of the tth segment {tb} ≡ {x̂tb, ŷtb, ẑtb} is attached to the base
disk of the tth segment, whose XY plane coincides with the base disk and its origin is at the center
of the base disk. x̂tb points from the center of the base disk to the first secondary backbone while
ẑtb is perpendicular to the base disk. The secondary backbones are numbered according to the
definition of δti .

� Bending Plane Coordinate System 1 (BPS1) of the tth segment {t1} ≡ {x̂t1, ŷt1, ẑt1} shares its
origin with {tb}, while the continuum segment bends in its XZ plane.

� Bending Plane Coordinate System 2 (BPS2) of the tth segment {t2} ≡ {x̂t2, ŷt2, ẑt2} is obtained
from {t1} by a rotation about ŷt1 such that ẑt1 becomes backbone tangent at the end disk. Origin of
{t2} is at center of the end disk.

� End Disk Coordinate System (EDS) of the tth segment {te} ≡ { x̂te, ŷte, ẑte} is fixed to the end disk.
x̂te points from center of the end disk to the first secondary backbone and ẑte is normal to the end
disk. {te} is obtained from {t2} by a rotation about ẑt2.

When multiple segments are stacked, these segments are numbered from the most proximal one,
as indicated in Figs. 4 and 5. Between the tth and (t+1)th segments, {te} coincides with {(t + 1) b}.
In other words, teR(t+1)b is an identity matrix or tbR(t+1)b = tbRte

teR(t+1)b = tbRte, while tbRte is as
in Eq. (3).
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4. Kinematics
Thorough analysis of one continuum segment’s kinematics22,24,34–36 is developed from early
work.37–39 Related entities are summarized here for completeness. Kinematics of one segment will
be used to assemble the kinematics of the three continuum manipulators.

4.1. Kinematics of the tth segment
Kinematics expressions of the tth segment are based on an assumption that curvature along the primary
backbone is constant. This assumption was verified by the experiments24,40 for the multi-backbone
continuum segment shown in Fig. 3, and also by the experiments27,41,42 for a variety of different
designs.

ψ t = [ θtL δt ]T parameterizes the tth continuum segment. Related kinematics expressions are
summarized as follows with the symbol definitions listed in Table I. Derivations are detailed in
a previous publication.24

Lt i = Lt + qti = Lt + r cos (δt i) (θtL − θ0) , i = 1, 2, 3 (1)

http://journals.cambridge.org
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tbptL = Lt

θtL − θ0

⎡
⎣ cos δt (sin θtL − 1)

sin δt (1 − sin θtL)
− cos θtL

⎤
⎦ (2)

where tbptL = [ 0 0 Lt ]T when θtL → θ0 = π/2. Transformation matrix tbRte relates {te} to {tb}:
tbRte = R (ẑtb, − δt ) R (ŷt1,θ0 − θtL) R (ẑt2,δt ) (3)

where R(n̂,γ )designates a rotation about n̂ by γ .
The instantaneous kinematics is given by:

ẋt = Jt xψψ̇ t , where Jtxψ =
[

Jtv
Jtω

]
, (4)

Jtv =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Lt cos δt

(θtL − θ0) cos θtL − sin θtL + 1

(θtL − θ0)2 −Lt

sin δt (sin θtL − 1)

θtL − θ0

−Lt sin δt

(θtL − θ0) cos θtL − sin θtL + 1

(θtL − θ0)2 −Lt

cos δt (sin θtL − 1)

θtL − θ0

Lt

(θtL − θ0) sin θtL + cos θtL

(θtL − θ0)2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

Jtω =
⎡
⎣ − sin δt cos δt cos θtL

− cos δt − sin δt cos θtL

0 −1 + sin θtL

⎤
⎦ . (5)

Singularity of Jtxψ for θtL → θ0 = π/2 can be resolved by applying L’Hopital rule.

lim
θtL→θ0= π

2

Jtxψ =

⎡
⎢⎢⎢⎢⎢⎣

−Lt cos δt/2 0
Lt sin δt/2 0

0 0
− sin δt 0
− cos δt 0

0 0

⎤
⎥⎥⎥⎥⎥⎦ . (6)

4.2. Kinematics of Structure A
A manipulator which uses Structure A was tested for its force sensing capability,24 as shown in
Fig. 4. In the world coordinate system {w} = {1b}, Structure A consists of the following components,
referring to Fig. 4.
� Continuum segment 1 with coordinate systems from {w} = {1b} to {1e} attached, referring to

Fig. 3.
� Continuum segment 2 is stacked on top of the segment 1 with coordinate systems from {2b} to {2e}

attached. {2b} coincides with {1e}, or 1bR2b = 1bR1e.
� Continuum segment 3 is stacked on top of the segment 2 with coordinate systems from {3b} to {3e}

attached. {3b} coincides with {2e}, or 2bR3b = 2bR2e.
� A wrist with a coordinate system {g} ≡ {x̂g, ŷg, ẑg} attached. {g} is obtained from {3e} by a

rotation of φ about ẑg = ẑ3e. When a specific gripper is attached to the wrist, the gripper can rotate
with respect to the wrist and its shape can be defined in {g}; e.g., tip of a gripper in {g} can be
characterized by gpg . Since a gripper is not considered in this study, gpg = 0.

A configuration vector ξA = [φ ψT
3 ψT

2 ψT
1 ]T can be defined for the parameterization of Structure

A. In order to provide a general representation, tip position wpg and Jacobian of the gripper with
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respect to {w} = {1b} can be derived as follows. If a gripper is not considered, gpg can be simply set
as 0.

wpg = 1bp1L + 1bR2b

(
2bp2L + 2bR3b

(
3bp3L + 3bRg

gpg

))
, (7)

where 3bRg = 3bR3e
3eRg; 1bp1L, 2bp2L and 3bp3L are from Eq. (2),

wẋ = JAξ̇A, (8)

JA =
[

03×1
1bR3bTA3

1bR2bTA2 TA1
1bR3b

3bRg ẑg
1bR3bJ3ω

1bR2bJ2ω J1ω

]
, (9)

where 1bR3b = 1bR2b
2bR3b, 3bRg = 3bR3e

3eRg and 1bRg = 1bR3b
3bRg; TA3, TA2, and TA1 are written

as below:

TA3 = J3v − [
3bRg

gpg

]×
J3ω, (10)

TA2 = J2v − [
2bR3b

3bp3L + 2bR3b
3bRg

gpg

]×
J2ω, (11)

TA1 = J1v − [
1bR2b

2bp2L + 1bR3b
3bp3L + 1bRg

gpg

]×
J1ω, (12)

where [p]× is the skew-symmetric matrix of a vector p; J1v, J1ω, J2v, J2ω, J3v, and J3ω are from Eq.
(5). JA would be used later in a pseudo-inverse formulation to drive Structure A for evaluation of the
kinematic performance.

4.3. Kinematics of Structure B
Continuum manipulators which use Structure B were adopted in the IREP robot for SPA surgeries,9–11

as shown in Fig. 4. In the world coordinate system {w} ≡ {x̂w, ŷw, ẑw}, Structure B consists of the
following components.

� Link Z which provides a translation z along ẑw.
� Linkage H has a parallelogram form and sits on top of Link Z. It opens to an angle of ς and

translates {1b} for a distance of h.
� Continuum segment 1 with coordinate systems from {1b} to {1e} attached. {1b} is parallel to {w}.
� Continuum segment 2 is stacked on top of the segment 1 with coordinate systems from {2b} to {2e}

attached. {2b} coincides with {1e}, or 1bR2b = 1bR1e.
� A wrist with a coordinate system {g} ≡ {x̂g, ŷg, ẑg} attached. {g} is obtained from {2e} by a rotation

of φ. If a gripper is attached to the wrist, the gripper tip in {g} is defined as gpg . If the gripper is
neglected, gpg = 0.

Actual realization of this structure was detailed in a previous publication.9 A configuration vector
ξB = [φ ψT

2 ψT
1 ς z ]T can be defined for kinematics parameterization. Tip position and Jacobian of

the gripper in {w} can be derived as the following. Detailed derivations were published.10,11

wpg = wp1b + 1bp1L + 1bR1e

(2bp2L + 2bRg
gpg

)
, (13)

where wp1b = zẑw + h cos ς x̂w + h sin ς ẑw and 2bRg = 2bR2e
2eRg . 1bp1L and 2bp2L are from Eq. (2).

wẋ = JB ξ̇B, (14)

JB =
[

03×1
1bR2bTB2 TB1 tB ẑw

1bRg ẑg
1bR2bJ2ω J1ω 03×1 03×1

]
. (15)

http://journals.cambridge.org
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where 1bRg = 1bR2b
2bRg . TB2, TB1, and tB are written as follows:

TB2 = J2v − [
2bRg

gpg

]×
J2ω (16)

TB1 = J1v − [
1bR2b

2bp2L + 1bRg
gpg

]×
J1ω (17)

tB = ∂

∂ς
(wp1b) = −h sin ς x̂w + h cos ς ẑw (18)

where J1v, J1ω, J2v, and J2ω are from Eq. (5). JB would be used later in a pseudo-inverse formulation
to drive Structure B for evaluation of the kinematic performance.

4.4. Kinematics of Structure C
Structure C was intended for an endoscopic surgical robot for NOTES procedures.21 The actual
implementation is slightly different from the kinematic schematic as in Fig. 5 due to geometrical and
mechanical considerations. In the world coordinate system {w} = {1b}, Structure C consists of the
following components.
� Continuum segments 1 and 2 are stacked with coordinate systems from {1b} to {1e} and {2b} to

{2e} attached. {2b} coincides with {1e}, or 1bR2b = 1bR1e. Length of each segment (L1 and L2)
now can be actively controlled to introduce an additional DoF.

� A wrist with a coordinate system {g} ≡ {
x̂g, ŷg, ẑg

}
attached. {g} is obtained from {2e} by a rotation

of φ. If a gripper is attached to the wrist, the gripper tip in {g} is defined as gpg . If the gripper is
neglected, gpg = 0.

A configuration vector ξC = [
φ ψT

2 L2 ψT
1 L1

]T
can be defined for the parameterization. Tip

position of the gripper in {w} can be written as the following:

wpg = 1bp1L + 1bR2b

(
2bp2L + 2bR2e

2eRg
gpg

)
, (19)

where 1bp1L and 2bp2L are from Eq. (2).
Jacobian matrix can be derived by writing linear velocity and angular velocity of the gripper as

follows:

wvg = J1vψ̇1 + J1ωψ̇1 × (
1bR2b

2bp2L + 1bRg
gpg

) + ∂
(

1bp1L

)
∂L1

+ 1bR2b

(
J2vψ̇2 + J2ωψ̇2 × (

2bRg
gpg

) + ∂
(

2bp2L

)
∂L2

)
, (20)

where 1bRg = 1bR2b
2bR2e

2eRg and 2bRg = 2bR2e
2eRg .

wωg = J1ωψ̇1 + 1bR2bJ2ωψ̇2 + φ̇1bRg ẑg (21)

Then, the Jacobian can be written as follows:

wẋ = JC ξ̇C, (22)

JC =
[

03×1
1bR2bTC2

1bR2btC2 TC1 tC1
1bRg ẑg

1bR2bJ2ω 03×1 J1ω 03×1

]
, (23)

where TC2, tC2, TC1, and tC1 are written as follows:

TC2 = J2v − [
2bRg

gpg

]×
J2ω, (24)
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tCt = [ cos δt (sin θtL − 1) sin δt (1 − sin θtL) − cos θtL ]T

θtL − θ0
. (25)

For tC2 and tC1, tCt = [ 0 0 1 ]T when θtL → θ0 = π/2.

TC1 = J1v − [
1bR2b

2bp2L + 1bRg
gpg

]×
J1ω, (26)

where J1v, J1ω, J2v, and J2ω are from Eq. (5). JC would be used later in a pseudo-inverse formulation
to drive Structure C for the kinematic performance evaluation.

5. Kinematic Optimization of the Continuum Manipulators
This paper presents a comparison that could be used as a quantitative design reference for future
developments of continuum surgical robots using one-port access. The comparison should examine
these structures at their optimal configurations so that the comparison is fair and consistent.

This section will first optimize Structure A for its optimal kinematic performance. As shown later,
since the theoretical optimum could not be realized by a physical design, the optimization is then
relaxed to a realistic configuration of Structure A, taking practical constraints into consideration. The
configurations of Structure B and Structure C are then optimized with respect to the same constraints
so that a more consistent comparison for kinematic performances could be presented in Section 6.

To be noted, a predetermined constraint adopted in this study is that each continuum segment
could only undergo a 90◦ bending, namely, θtL ∈ [0, π/2]. The reason is mainly that the published
experimental validations of the constant-curvature assumption were mostly up to 90◦ in bending.
Validity of extending this assumption beyond the 90◦ bending is not guaranteed.

This study is conducted in a dimensionless manner and reach of each structure is assumed to be
1 (reach is defined as the furthest reachable point along ẑw in Fig. 2). Results of this paper can be
easily scaled for a practical case.

The selection of a gripper is usually procedure-dependent and different grippers could lead to
different results of the optimizations and the comparison. A gripper is excluded from this study for
better consistence in the optimizations and the comparison. Generality and applicability of this study
shall be preserved as long as size of a selected gripper can be considered small with respect to the
overall size of the manipulator. Although the kinematics in Section 4 does include a gripper for
derivation completeness, it is easy to set gpg = 0 for the absence of a gripper.

According to Section 2.2, the kinematic performance is evaluated as the capability how these
continuum manipulators can orient surgical tools at the vertices and the center of a cubic functional
volume. It can be seen from Section 6 that the evaluation of the proposed kinematic performance
is not an analytic process. Although a general method for robot workspace determination has
been introduced recently for articulated robots,43 no such general methods exist for continuum
manipulators. Directly formulating optimizations of the three continuum manipulators towards better
kinematic performances can be formidable.

Instead of directly optimizing the manipulators for better kinematic performances, optimizations
were alternatively conducted to maximize the margin between the functional volume and the boundary
of the manipulators’ translational workspace. The reason is explained as follows. Generally, a
manipulator’s orientation workspace could have nothing to do with its translational workspace.
However, regarding a manipulator that uses these continuum segments, the translational workspace
usually has an outer boundary and an inner boundary as shown in Figs. 6, 8, and 9. Points on the outer
boundary could be reached only when one or more segments are straight (θtL = π/2). At the mean
time points on the inner boundary could be reached only when one or more segments are maximally
bent (θtL = 0). The orientation workspace heavily depends on the available bending ranges of these
continuum segments. When a point is close to the boundary of the translational workspace, one or
more segments are bounded to zero or maximal bending, which would lead to a worse kinematic
performance. With a bigger margin, vertices of the functional volume can be placed further away
from the boundary, which is expected to introduce a better kinematic performance whose definition
is proposed in Section 2.2. This approach is echoed by the comparison results in Section 6. It should
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Fig. 6. (Colour online) Optimization of Structure A: (1) The lowest reach under various configurations, (2) the
theoretical optimal configuration (L1 = 0.65, L2 = 0.0, and L3 = 0.35), and (3) the feasible optimal configuration
(L1 = 0.35, L2 = 0.20, and L3 = 0.45).
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Fig. 7. (Colour online) Routing of the segments’ backbones forms addition constraints.
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Fig. 8. (Colour online) Translational workspace of Structure B: (1) Structure B1 and (2) Structure B2 whose
parameters are in Table II.

also be noted that this change of the optimization objective function cannot be generalized to other
types of manipulators because of the specific kinematic characteristics of these continuum segments.

5.1. Kinematic optimization of Structure A
The configuration vector of Structure A is defined as ξA = [φ ψT

3 ψT
2 ψT

1 ]T . The structural design
parameters include i, r , Lt , and δti as in Table I. When the kinematic performance is to be optimized,
the free variables only include Lt (t = 1, 2, 3). The other design parameters (i, r , and δti) only affect
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Fig. 9. (Colour online) Translational workspace of Structure C: (1) Structure C1 and (2) Structure C2.

the arrangement of the secondary backbones and the actuation; they could be determined by other
design criteria, such as stiffness, actuation forces, etc.

The optimization of Lt (t = 1, 2, 3) was conducted to maximize the margin between the functional
volume and the boundary of the manipulators’ translational workspace. Referring to Figs. 6–3, the
cubic functional volume is relatively small compared to the translational workspace and the margin
around it is quite big. The critical margin is the space above and below the functional volume. If a
transverse plane could reach a lower point, the upper and the lower margins could be increased. The
cost function of this optimization is hence defined as the lowest point a transverse plane can reach
(the lowest top of the unreachable volume).

The total reach of Structure A is 1; namely, L1 + L2 + L3 = 1. Results of this study can be easily
scaled for an actual case. An example of the functional volume is a cube of 50 mm×50 mm × 50 mm,
which is required by a cholecystectomy.9,44 According to the aforesaid ratio of the manipulator length
over the cube edge length, this study assumes a cubic functional volume of 0.3×0.3×0.3.

Optimization of Lt (t = 1, 2, 3) is conducted in an enumerative manner. In Fig. 6–1, the lowest
point which a transverse plane could reach is depicted with L1 and L2 varying from 0 to 1 in increments
of 0.05. Since the optimization is performed by scanning the entire variable space, the translational
workspace shall be evaluated repeatedly for all the possible combinations of Lt (t = 1, 2, 3). As the
evaluation of the workspace is a time-consuming process, an increment of 0.05 was used in order to
finish the optimization within a reasonable amount of time, although a smaller increment would lead
to a finer scanning for more accurate optimization results.

As shown in Fig. 6–1, the lowest reach was realized when L1 = 0.65 and L2 = 0, indicated by
the point M1; the corresponding configuration of Structure A is plotted in Fig. 6–2. Clearly it is
not possible to construct a continuum segment whose length is zero. In practical implementations,
allowed elastic strain and diameters of the backbones will put a constraint on the minimal length of
each segment. Here, additional constraints are introduced as below, with the understanding that these
constraints could be modified in an actual case:

Lt ≥ 0.2, t = 1, 2, 3 (27)

With the constraints as in Eq. (27), a triangular area is marked in Fig. 6–1, bounded by three lines
(L1 = 0.2, L2 = 0.2, and L1 + L2 = 0.8). Within this area, a feasible optimum is indicated by the
point M2 with a configuration of L1 = 0.35, L2 = 0.20, and L3 = 0.45. This configuration is plotted
in Figs. 6–3 and it will be used in the comparison presented in Section 6. The design parameters are
also summarized in Table II together with those of Structure B and Structure C.

5.2. Kinematic optimization of Structure B
Referring to Fig. 4 and Section 4.3, design parameters of Structure B include zmin, zmax (motion range
of Link Z), h (translation of Linkage H in a direction specified by ς), i, r , δti , L1, and L2. Among
these design parameters, zmin, zmax, h, L1, and L2 affect the kinematics and they will be optimized.

A feasible optimal configuration of Structure A is obtained with respect to the constraints as in
Eq. (27). This constraint has an equivalent form for its minimal bending radius ρt as in Eq. (28),
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since the segment of length Lt undergoes a π/2 bending. Hence, Structure B shall be optimized
with respect to the consistent constraint. Referring to Figs. 7 and 4, backbones of the continuum
segments in Structure B are routed through a flexible multi-lumen tube to prevent them from buckling
during actuation. Bending radius ρ of this tube shall be subject to the same constraint as in Eq. (28).
When linkage H opens to its maximum at ς = 5π/6 and Link Z lowers to its minimum at z = zmin,
the routing tube possesses a minimal bending radius. If the shape of the multi-lumen tube could be
approximated by two circular arcs, constraints on h and zmin can be derived as in Eq. (29):

Lt ≥ 0.2
θtL≤π/2←−−→ρt ≥ 2/5π , t = 1, 2 (28)

ρ ≥ 2/5π

2ρ = h cos (π − ς)
2ρ = h sin (π − ς ) + zmin

⎫⎬
⎭ ζ= 5π

6−→
⎧⎨
⎩

h ≥ 8
5π

√
3

≈ 0.294

zmin ≥ 4
5π

(
1 − 1√

3

)
≈ 0.108.

(29)

Optimization of Structure B is formulated to minimize the lowest point that a transverse plane can
reach. Constraints from Eqs. (28) to (29) are rounded as in Eq. (30)

zmax > zmin ≥ 0.11, h ≥ 0.30, L1 ≥ 0.20, L2 ≥ 0.20

zmax + h + L1 + L2 = 1. (30)

The translation of Link Z tends to stay at zmin = 0.11 when such a transverse plane reaches for
a lower point. Then h, L1 and L2 vary, zmax can be obtained from zmax = 1 − h − L1 − L2. The
optimization is again conducted in an enumerative manner with the variables varying within the
allowed ranges with increments of 0.05.

When the joint limit ς ∈ [π/6, 5π/6], the optimal configuration of Structure B is obtained:
L1 = 0.2, L2 = 0.2, h = 0.30 and z ∈ [0.11, 0.30]. If the design parameters of the IREP robot’s
manipulator9–11 is normalized with respect to the manipulator’s length (gripper excluded), the actual
configuration deviates from the optimal configuration. It might be beneficial to include the actual
design in this comparison. Structure B under the optimal configuration is hence referred to as
Structure B1, whereas the actual configuration is referred to as Structure B2. Design parameters of
both Structure B1 and Structure B2 are summarized in Table II. The translational workspaces of both
structures are plotted in Fig. 8. Besides the differences in the component lengths, the joint limits for
ς are also different (ς ∈ [π/6, 5π/6] for Structure B1 and ς ∈ [π/2, 5π/6] for Structure B2). This
is due to the difficulty in realizing such a more favorable actuation of the Linkage H in the IREP
robot. A functional workspace of a cube of 0.3×0.3×0.3 is fitted within the translational workspace
in Fig. 8.

5.3. Kinematic optimization and dimension synthesis of Structure C
Referring to Fig. 5 and Section 4.4, design parameters of Structure C include L1 min, L1 max, L2 min,
and L2 max, since the segment in Structure C can actively change its length.

The optimization of maximizing the margin between the cubic functional volume and the
translational workspace is subject to the following constraints:

L1 min ≥ 0.2, L2 min ≥ 0.2 and L1 max + L2 max = 1. (31)

The enumerative optimization gives the optimal configuration of Structure Cas L1 ∈ [0.2, 0.5] and
L2 ∈ [0.2, 0.5], which is plotted in Figs. 9–1 and listed in Table II as Structure C1. It was noted that
in this configuration, Lt max is 2.5 times of Lt min, which might be subject to difficulties in actual
realization. In order to provide a lower bound of joint ranges of L1 and L2, a dimension synthesis
is performed to match the lowest reach of the transverse plane of Structure C to that of Structure
A. Multiple resolutions were found, such as L1 ∈ [0.2, 0.35] with L2 ∈ [0.5, 0.65], L1 ∈ [0.2, 0.4],
with L2 ∈ [0.4, 0.6]. The translational workspace of the configuration of L1 ∈ [0.2, 0.35] and L2 ∈
[0.5, 0.65] is plotted in Figs. 9–2 and summarized in Table II as Structure C2. Including Structure C2 in
the comparison provide a compromise point between selecting Structure A or realizing the minimal
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Table II. Design parameters of the structures to be compared.

For all the segments
ψ t = [θtLδt ]T θtL ∈ [0, π/2] δt ∈ [−π, π ]

Structure A Configuration vector ξA = [
φ ψT

3 ψT
2 ψT

1

]T

φ ∈ [−π, π ] L1 = 0.35 L2 = 0.20 L3 = 0.45

Structure B1 Configuration vector ξB = [
φ ψT

2 ψT
1 ς z

]T

φ ∈ [−π, π ] L1 = 0.2 L2 = 0.2
h = 0.30 ς ∈ [π/6, 5π/6] z ∈ [0.11, 0.30]

Structure B2 Configuration vector ξB = [
φ ψT

2 ψT
1 ς z

]T

φ ∈ [−π, π ] L1 = 0.3 L2 = 0.2
h = 0.30 ς ∈ [π/2, 5π/6] z ∈ [0.11, 0.20]

Structure C1 Configuration vector ξC = [
φ ψT

2 L2 ψT
1 L1

]T

φ ∈ [−π, π ] L1 ∈ [0.2, 0.5] L2 ∈ [0.2, 0.5]

Structure C2 Configuration vector ξC = [
φ ψT

2 L2 ψT
1 L1

]T

φ ∈ [−π, π ] L1 ∈ [0.2, 0.35] L2 ∈ [0.5, 0.65]
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Fig. 10. (Colour online) Kinematic performance evaluated at selected points for Structure A: (1) annotation for
all the selected points, (2) at P0, (3) at P5, (4) at P1 pointing inward, and (5) at P1 pointing outward.

joint ranges of Structure C. A functional workspace of 0.3×0.3×0.3 is fitted in the translational
workspace and plotted in Fig. 9.

The optimization results of Structure C2 also indicate the previous design practice following a
designer’s intuition might not be optimal. Structure C2 has a longer distal segment with a shorter
proximal segment.

6. Comparison Results and Discussions
Kinematic performance of the three structures at selected points (the center and the vertices of a
desired functional volume) is evaluated as a solid angle swept by the wrist’s axis. Since the lowest
reach of the transverse plane of a structure is different from one another, the functional volume is
fitted in the middle of the translation workspace above the unreachable volume as in Figs. 6, 8, and 9.
In this way, the margin above and below the functional volume is approximately evenly distributed.
The annotation of the selected points shown in Figs. 10–1 is identical for all the structures. Please be
noted that optimal placement of the functional volume within the translational workspace might be
complicated particularly if not only translation but also rotation of the volume would be considered.
In order to keep the current content coherent, the functional volume is placed in the middle even
though the placement might favor one structure slightly over another.
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The evaluation of the kinematic performance at each point involves the following four steps.

1. From an initial configuration, each structure was driven toward the selected point by only
specifying the linear velocity and a kinematics redundancy resolution as in Eq. (32). A standard
resolved rate control method45 was used to drive the manipulators toward a desired position
and/or an orientation in the simulations.

2. When the selected point is reached, each structure was driven to verify whether a direction could
be aligned by the wrist’s axis. The verification was implemented as follows:

(a) A unit direction vector n̂zf was first parameterized using two variables. A possible
parameterization is shown in Eq. (33) and n̂zf is indicated in Fig. 10–1. An arbitrary unit vector
n̂xf which is normal to n̂zf is then picked to form a desired orientation of the end effector. Because
of the rotary wrist, n̂xf would not affect the reachability of n̂zf .

(b) Each structure was driven by specifying a ẋ with a linear velocity preceding an angular velocity.
The linear velocity always pointed towards the selected point. The angular velocity was generated
from a rotation matrix from the current orientation to the desired one. The standard resolved rate
control method was used to drive the manipulator. The singularity-robust inverse Jacobian was
used during the process, as shown in Eq. (34).

(c) The direction of n̂zf is considered reachable when (i) the condition number κ (JN ) ≤ 103, (ii)
the joint limits were not reached, (iii) the tip position error is smaller than 10−3, and (iv) the
orientation error is smaller than 3.5 × 10−3 = 0.2◦.

3. The parameterization of n̂zf as in Eq. (33) varies ϕ1 and ϕ2 in increments of 2◦. The process
repeats itself till the parameterization is fully tested.

4. The kinematic performance at this point is evaluated though a two-dimensional numerical integral
following the definition of a solid angle.

ξ̇N = (JN v)+ v, (32)

where N = A, B or C, JN v is the linear velocity portion of JN as in Eqs. (9), (15), and (23) and v is
the linear velocity pointing toward the selected point.

n̂zf = [ sin ϕ1 cos ϕ2 sin ϕ1 sin ϕ2 cos ϕ1 ]T , ϕ1 ∈ [0, π] and ϕ2 ∈ [0, 2π] , (33)

ξ̇N =
{

JT
N

(
JNJT

N

)−1
ẋ, when κ (JN ) ≤ 103

JT
N

(
JNJT

N + λI
)−1

ẋ, when κ (JN ) > 103
(34)

where N = A, B or C, JN is as in Eqs. (9), (15) and (23), and κ (JN ) is the condition number of JN .
Verifying whether an orientation at a selected point is reachable is essentially verifying whether an

inverse kinematics problem has a solution. Without an analytical solution, the resolved rate method
is just like solving the inverse kinematics problem numerically. The initial configuration also affects
whether the process converges to a solution. The aforementioned four-step process might have to
be repeated from randomly generated initial configurations repeatedly in order to make sure the
results are conclusive. Actually this is also how disconnected patches as in Figs. 10–4 and 10–5 are
discovered.

The values of the evaluated kinematic performances of the three structures are presented in Table III.
Due to the structural symmetry, some values should be identical: (i) those at the P1 to P4 points of
Structure A, Structure C1 and C2; (ii) those at the P5 to P8 points of Structure A, Structure C1 and
C2; (iii) those at the P1 and P4 points, those at the P2 and P3 points, those at the P6 and P7 points
and those at the P5 and P8 points of Structure B1 and Structure B2. The evaluated values are slightly
different due to computation accuracy.

The evaluated kinematic performance can be visualized as a patch on the surface of a sphere as
in Figs. 10–12. The attached multimedia extension shows simulations where the wrist’s axis of each
structure swept boundaries of these patches.
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Table III. Kinematic performance of the structures (unit: steradian).

Structure A P1: 0.623 P2: 0.601 P3: 0.614 P4: 0.634
P0: 4.467 P5: 1.397 P6: 1.412 P7: 1.428 P8: 1.391
Structure B1 P1: 1.644 P2: 1.902 P3: 1.904 P4: 1.642
P0: 7.456 P5: 1.886 P6: 2.134 P7: 2.133 P8: 1.886
Structure B2 P1: 1.407 P2: 1.470 P3: 1.483 P4: 1.395
P0: 2.023 P5: 0.842 P6: 0.842 P7: 0.829 P8: 0.831
Structure C1 P1: 2.739 P2: 2.712 P3: 2.698 P4: 2.735
P0: 4.031 P5: 2.616 P6: 2.561 P7: 2.589 P8: 2.609
Structure C2 P1: 0.738 P2: 0.712 P3: 0.705 P4: 0.723
P0: 3.267 P5: 0.519 P6: 0.491 P7: 0.503 P8: 0.526
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Fig. 11. (Colour online) Kinematic performance evaluated at selected points for Structure B1: (1)(2) at P0, (3)
at P5, (4) at P6, and (5)(6) at P2; the kinematic performance of Structure B2 can be qualitatively visualized by
insets (2) ∼ (5) where the Linkage H only opens to one side.
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Fig. 12. (Colour online) Kinematic performance evaluated at selected points for Structure C1 and C2: (1)(4) at
P0, (2)(5) at P1, and (3)(6) at P5.

Please note that in Figs. 10–4 and 10–5 there are two disconnected patches at P1; the same
characteristic is also shown in Figs. 11–5 and 11–6. These two disconnected patches can only be
reached by driving the tip of the manipulator away from and then back to the selected point. Although
the two patches overlap in Figs. 11–1 and 11–2, the combined patch cannot be fully reached without
moving the manipulator tip away from and then back to the P0 point in order to open the Linkage
H to the other side. The kinematic performance of Structure B2 can be qualitatively visualized as in
Figs. 11–2 to 11–5 where the Linkage H only opens to one side.

From the values presented in Table III, Structure A had an average of 1.396 for the evaluated
kinematic performance, whereas Structure B1 has an average of 2.510, Structure B2 has an average
of 1.236, Structure C1 has an average of 2.810 and Structure C2 has an average of 0.909. Before a
conclusion can be reached which structure is more desired, some insights can be observed as follows.

� The performance of Structure C1 at points through P1 to P8 is considerably higher than that of
Structure C2. This is because these points are substantially further away from the boundaries of
the translational workspaces, referring to Fig. 9. The results echo the optimization approach in
Section 5 that maximizing the margins between the vertices and the boundaries will lead to a better
kinematic performance.

� The kinematic performance of Structure A at P0, indicated by the red patch in Figs. 10–2, excludes
the top portion. Although the numerical value is quite big, it is less desired since the manipulator can
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Table IV. A summary of the comparison characteristics.

General characteristics Maximizing the margins between the vertices and the workspace boundary will
lead to a better kinematic performance. This is because points on the boundary
of the translational workspace usually involve its segments in straight or
maximally bent shapes. Zero or maximal bending reduces the orientation
capability.

Structure A The structure has acceptable evaluation values but the quality might not be good
enough. This results from the constant lengths of the three segments. The
manipulator bends its segments to reach a position as well as orient a surgical
tool. Pinpointing a point limits its orientation range.

Structure B The Link Z and Linkage H help improve the dexterity because the structure now
does not solely depend on the bending of the segments to reach a point.

Structure C Structure C1 has the highest dexterity because the segments vary its lengths to
sweep the functional volume and bend more or less to orient surgical tools.
When an implementation is challenging, Structure C2 provides a reference
point where a designer could start considering Structure A or B over C.

only orient a surgical tool sideward. A more desired performance is like that at P5 as in Figs. 10–3,
where the manipulator can orient tools upward and sideward. A worse performance is at P1 where
the performance has two disconnected parts as in Figs. 10–4 and 10–5. These two insets can be
viewed as two manipulators were inserted to perform a task cooperatively at P1. Their capabilities
are really limited due to the small orientation ranges. The performances at P2 to P4 should be
theoretically identical to that at P1due to the structural symmetry. The performance characteristics
of Structure A result from the constant lengths of the three segments. The manipulator bends its
segments to reach a position as well as orient a surgical tool. Pinpointing a point limits its orientation
range.

� The performance of Structure B1 at P0 has two overlapping but essentially disconnected parts as
mentioned previously. At P1 to P4, performances of Structure B1 and Structure B2 are better than
those of Structure A because the Link Z (please refer to Fig. 7) can be lowered and the structure
does not solely depend on the bending of the segments to reach a lower point. Figs. 11–5 and 11–6
can be again viewed as two inserted manipulators to perform a task cooperatively at P2. Now the
situation is slightly better than that of Structure A since at least one manipulator as in Fig. 11–5
could help more.

� From Table III, the performances of Structure B2 seem a lot worse than those of Structure B1.
This is because the performance of Structure B1 at each point usually include two parts when the
Linkage H (please refer to Fig. 7) opens to both sides. But it is acceptable that the Linkage H
only opens to one side as in the IREP manipulator,9–11 since in a dual-arm operation a desired
orientation can always be reached by one or the other manipulator. Performances of Structure B2
at P5 to P8 are less than the half of those of Structure B1 because the component dimensions in
Structure B2 were not optimized.

� Performance evaluations of Structure C1 are substantially higher than those of the others and the
performances are also of better quality. The essential reason is that the segments vary its lengths
to sweep the functional volume and bend more or less to orient surgical tools. This structure is
highly desired for actual surgical tasks. For example, if a manipulator needs to pull a tissue from
P5 to P1 without flipping its tip’s orientation, Structure C would be the only capable candidate.
Since Structure C1 might be subject to difficulties in its realization, Structure C2 acts as a reference
structure whose performance is closer to those of Structure A and Structure B but the length
variation ranges are smaller than those of Structure C1. Depending on whether a desired length
variation could be realized, a designer could make a more confident choice between Structure C
and Structure A or Structure B. To be noted, the performance of Structure C2 at P0 improves
from those at P1 to P8. If the functional volume is smaller, Structure C2 could still be a better
choice.

These observations are also summarized in Table IV.
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7. Conclusions
This paper presented a comparison for kinematic performances among three different continuum
manipulators which could all be potentially applied in one-port-access robotic surgeries, such as
robotic SPA surgeries and robotic NOTES procedures. The three structures were firstly optimized so
as to ensure a more fair and consistent comparison. The optimization results indicate the previous
design practice following a designer’s intuition might not be optimal. For instance, the Structure C
should be designed to have a longer distal segment with a shorter proximal segment.

In total, five derivative structures were eventually compared and the comparison results were
discussed. The best kinematic performance belongs to Structure C1, which consists of two 3-DoF
continuum segments with relatively large variation ranges of its segment lengths. Such a structure
would not only generate a bigger workspace but also allow surgeons to orient tools more freely.
If the variation ranges of the segment lengths are reduced, the kinematic performance of Structure
C deteriorates. When the ranges match those of Structure C2, the kinematic performance becomes
comparable to those of Structure A and Structure B; the translational workspace of Structure C2 also
barely envelops the desired functional volume.

The optimizations and comparison were conducted in a dimensionless manner and they can be
easily scaled for a practical case. The results could serve as a design reference for future development
of one-port-access surgical robots. Quantitative guidelines include the following two aspects. Firstly
if a length varying range larger than that of Structure C2 can be actually materialized, Structure
C should be adopted for better kinematic performance. Secondly, in order to envelop a specific
functional volume, manipulator designs using Structure A, B or C can refer to Table II, Figs. 6, 8,
and 9 proportionally so that the translational workspace could be big enough.

Even when more complicated structures are to be designed using such continuum segments,
inspirations can be extracted from the results and two qualitative guidelines for better kinematic
performance can be considered. Firstly, a component or a mechanism for translation and/or length
variation should be incorporated so that bending of the segments contributes more to orienting surgical
tools. What is more, it is counterintuitive to know that a distal segment should be longer than or at
least equal to a proximal segment (referring to Structure A and C as in Table II) to produce better
kinematic performance. Many existing designs possess shorter distal segments and longer proximal
segments.

Results of this paper are not limited to the designs using multi-backbone continuum segments as
in Fig. 3. They could be applied to a variety of different designs as long as the design consists of
continuum segments whose curvatures remain constant.

This paper concerns kinematic performances of the three different continuum manipulators. Once
parameters for kinematics are determined, other parameters (e.g., sizes and arrangements of secondary
backbones) could be considered for more desired mechanical properties, such as payload, controllable
stiffness, etc.
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